Formula Sheet

e Conservation of probability

0
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e Variational principle:
E, < /d:c v (x)Hy(z), for all ¥(z) satisfying /dxw*(af)w(x) =1

e Spin-1/2 particle:

Stern-Gerlach: H = —ji - §7 f=g—
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exp(id- &) = 1cosa+ iG - <—) sina, a=]|d|
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exp(ifos) o1 exp(—ifoz) = o1 cos(20) — oy sin(20)

exp(ifosz) o9 exp(—ifos) = 05cos(20) + o1 sin(20) .
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e Complete orthonormal basis |i)
i) =6y, 1= li)il
Oy = (il0lj) = O=) 0y i)l
0,
(A7) = (I Al

hermitian operator: O = @, unitary operator: UT = U~}

e Position and momentum representations: ¥ (z) = (z|1) ; ¥ (p) = (plY) ;

Ha) = ale), {aly) = 6(z —y), 1=/dx|x><x|, # =

plp) =plp), (alp) =6(q¢—p), lz/dp|p><p|, pr=p

() = =exn(5E) 0 00) = [ delpla) i) = = [ dvesp(~EE )i
lite) = (20) vy s lee) = (55) ) s @) = @)
b i dx ’ P dp < P i
% h exp(ikz)dx = §(k)
e Generalized uncertainty principle
(AA)? = (A= (4))?) = (A7) — (4)°
1 2
(AAP(AB) = (][4, B)|w))
h
Ax Ap > 5
Ax = % and Ap = % for a gaussian wavefuntion ¢ ~ exp(—%Z—Z)
/+00 dx exp (—axz) = \/g
AHAt > ;—i, At = AQ



e Commutator identities

[A, BC] = [A, BIC + BJA,C],

e‘Be ™ = B+ [A, B] + %[A, [A, B]] + %[A, (A [A,B]]] +...,

e"Be = B+ [A,B], if [[A,B],Al=0,
[B,e*]=[B,Ale", if [[A B],A]=0
eAeBe—%[A,B] _ eBeAe%[A,B}

A+B

e = if [A, B] commutes with A and with B

Y

e Time evolution
W, t) = U(t,0)[W,0), U unitary

U(t,t) =1, Ulty, t))U(t1,t0) = Ulta,to), Ulty,ts) = Ul(ta,t1)

A~

d . d
ih [0y = HOIW,8) — ihs Ut 1) = HOU(t,to)

Time independent H: U(t, ty) = exp [—% H(t — to)] = Z e_%E"(t_tO)]n>(n|

n

[H(t),H(t)] =0, Yii,ts, U(t,to)—exp[—%/tldt/ﬁ(t/ﬂ

to

(A) = (U, t|Ag| W, t) = (U, 0[Ap(t)|¥,0) —  Ag(t) = UT'(t,0)AsU(t,0)

[As, Bs]=Cs — [Au(t), Bu(t)] = Cu(t)

@h%AH(t) =[Au(t),Hg(t)], for Ag time-independent

e Two state systems

H=—y S.B — spin vector 7 precesses with Larmor frequency & = —75
NMR magnetic field B= Boe, + By (cos wt €, — sinwt éy)

9(0) = exp( Fts. ) exp (1B - 51) (0)

Bup = Bo(1— 2)&, + By €,
Wo



e Harmonic Oscillator

A 1 1 .~ 1 R
H = %ﬁQ + Emw2x2 = ﬁw (N + 5) ; = dT&
R mw [ . 1p R mw [ . 1p
a=4/— — a'=4/—\|z—-——
2h mw/) ' 2h mw/) '
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Hln) = E,|n) = hw(n + %)|n> . Nin) =nln), (mn) = b

a'ln) =vn+1n+1), an)=+vnln—1).

(o) = (alo) = () e (- 5a)

~

rg(t) = & coswt + L inwt
mw

pu(t) = p coswt — mw T sinwt

e Coherent states and squeezed states

T, = e_%ﬁwo, Tiolz) = |2 + x0)

Z0) = Th|0) = e iP™|0)

. _1h mo gt h
[30) = eTr eV |0), (aleo) = Yole —@0), &= —

: i ) d
aEDaOzea“T_o‘“O, D(a) = ex (ozaT—oz*a>, o= () +i<p> .
@) = D(a)|0) 0}, D(a) = exp NIRRT

la) = e’ ")) = e7zlFer N0y Gla) = ala) | Ja,t) = e @2l a)

0,) = SN0}, with S(3) = exp(—2(ala’ — aa))

1 1
= exp<—§ tanh'yaTaT) |0)

0 =
0 v/cosh~y

ST(v)aS(y) = coshya — sinhya',
|, ) = D(@)5(7)[0)

Di(a)aD(a) = a+ «



e Orbital angular momentum operators

A

L; = €1, T pr

=+ — g +cotO— +

o2 ”? 20 1 (02 0 1 8_2
Cor2  ror 2\ 062 90 sin® 6 0¢?
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- ho Ly a . 0
LZ_Z(")_QS’ Ly = he (iag—l—zcot@a(b)

e Spherical Harmonics

Yem(0,0) = (0, 0], m)

%,0(07 ¢) = \/ﬁ ; }/1,:|:1(07¢) = :F\/gsnleexp(iqu) ) }/’170(0’¢) = \/gcose

15 . 15 . .
Yo 10(0,0) = 3o sin® 0 exp(£2i¢) ;  Yai1(0,0) = Fy/ 8—7rsm€cosé’exp(j:ng) ;

—_

5
ng’o(e, ¢) = 16_7T (3 COS2 0 — 1)

e Algebra of angular momentum operators .J (orbital or spin, or sum)
[Ji, Jj] = ihegidi ;. [J?, Ji] =0
Pljm) = K2 5G+V)ljm) s Jljm) = hmljm), m=—j,... j.

1

. 1
Je=Jokidy, (Jo)f=Js JI:§(J++J—)7 =12

(Jy —J-)
[, Je)l==+hJe, [J%J]=0; [J.,J]=2hJ,

=0 J +J—hJ,=J J +J2+hJ,

Jeljm) = hn/j(j +1) —m(m £ 1) [j,m £ 1)



e Radial equation

h? d? RO +1
<_%W +V(r)+ %)uyg(r) = E,u,e(r) (bound states)
Uyp(r) ~ ™ asr — 0.
2mE
E>0and lim V(r)=0, lim u,(r)= sin(kr — fg + 55(E)> , k= ;n
e Hydrogen atom
e? 1 Une(T)
En:___7 nm_): Ym07
e @) = 22y 0,0)
n=12..., (=0,1,....n—1, m=—(...¢
h? e? 1
= ="~ he~200MeV f
W et YT he T 13T ¢ ey

2r
upo(r) = =73 exp(—r/ag)
g

2r T
IU/Q,O(T) = W (1 — 2710) eXp(—r/ZaO)
1 1 r?

ug (1) = ﬁwa—o exp(—r/2agp)

e [actorization method




e Addition of Angular Momentum J = fl + jQ
Uncoupled basis :  [jij2; mimg) CSCO : {JZ, J3, iz, Jou}

Coupled basis :  |jijo;jm)  CSCO: {JZ JZ J* J.}

1 ®Ja=Gi+d)@(Gi+i—1)@...®[H — j2

|j1j2; Jm) = Z |71J2; Mmama) \<j1j2;m1m2|j1jg;jm)l
mitma=m Clebsch—Gor:g,n coefficient

o1
Ji-Jy = §(J1+J2— + Ji_Joy) + JizJas

Combining two spin 1/2 : % ® % =160
L) =[11),
1 1
[1,0) ZE(I TH+11n), ’0’0>:E(| TH=111)
L =1 =11



